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Abstract
We study the symmetries of the Lorentz violating Randers-Finsler spacetime. The privileged
frame defined by the background vector diagonalises the deformed mass-shell and provides an
anisotropic observer transformations The particle Randers transformations are achieved through
the Finslerian Killing equation which also shows the equivalence between observer and particle
Randers transformation. For a constant background vector, the Randers transformations can be
regarded as a deformed directional-dependent Poincare´ transformation. The Randers algebra is
a deformed Poincare´ algebra whose structure coefficients are given by the Randers metric. We
propose a field theory invariant over the Randers transformations. The dynamics exhibits nonlo-
cal operators which yields to Lorentz violating terms of the nonminimal SME. The relation and
implications of the Randers algebra with other Lorentz violating theories are discussed.
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I. INTRODUCTION
At Planck scale, several theories including string theory [1], noncommutative geometry [2],
Horava gravity [3], and Very Special Relativity [5] suggest that some low-energy symmetries,
as the CPT and Lorentz symmetry, may be violated. A theoretical framework to study the
effects of reminiscent Lorentz-CPT breaking at intermediate scales is the so-called Standard
Model Extension (SME) [6]. Lorentz violating effects studies have been carry out in a broad
class of phenomena, ranging from muons, neutrinos, photons, hydrogen atom, among other
[7]. For a comprehensive review of Lorentz-violation tests, see Ref.[8].
The study of Lorentz violation on gravity is more complex. In flat spacetimes, the Lorentz
violation can be driven by background constant tensors (explicit Lorentz violation) that
break the particle Lorentz symmetry but keep the observer Lorentz symmetry. Nevertheless,
in curved spacetimes, the explicit Lorentz violation is incompatible with the Biachi identities
[9]. One way to overcome this is assuming the Lorentz violating tensors are created by the
vacuum expectation value of a vector field, as the bumblebee [10] or the aether fields [11]
undergone a spontaneous symmetry process [9]. Another possibility is through an anisotropic
geometry, the so-called Finsler geometry.
In Finsler geometry, the length of vector is measured with a general norm, called Finsler
function [13–15]. The Riemann geometry is a special case for which the Finsler function is
quadratic on the vector components. Since the background tensor modifies the dispersion
relation of the fields, the point particle classical Lagrangians and mass shell can be described
by a class of Finsler functions, called SME-based Finsler geometries [16, 17]. Each Lorentz-
violating coefficient provides a different SME-based Finsler structure, as the Randers [17],
b-space [17, 18], bipartite [19, 20] and other spacetimes [21–23]. Other Lorentz violating
theories also has Finsler extensions for curved spacetimes, as the DSR [24] and VSR [25],
whose the curved extension is the Bogoslovsky spacetime [26].
A special Finsler structure is given by the Rander spacetime, where the anisotropy is
driven by a background vector [27–29]. The Randers interval has the usual quadratic Lorentz
interval added with a perturbative linear projection of the 4-velocity into the background
vector [27]. In the context of the SME, the Randers spacetime can be regarded as a classical
description of a fermion subjected to a CPT-Odd Lorentz-violating coefficient [17]. The
particle dynamics in Randers spacetime is analogous to the Lorentzian invariant dynamics
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under the influence of a background electromagnetic vector field aµ. The effects of the
Rander spacetime anisotropy have been studied in cosmology [30] and astrophysics [31].
In this work we study the symmetry transformations of the Randers interval, and hence,
of the particle action. We extend the previous analysis performed in Ref.[32, 33]. By em-
ploying a diagonalization of the Randers mass-shell, we show that the Randers observer
transformations can be realized as the product of the Lorentz transformation with a defor-
mation of the mass shell provided by the eigenvalues of the mass shell and a boost due to
the privileged frame. Using the Killing equation and the vielbein formalism we obtain the
Randers transformations. The background vector modifies the generators of the Randers
algebra where the Finsler metric can be seen as the structure coefficients of a deformed
Poincare´ algebra.
Using Randers-Finsler invariant objects and assuming the momentum-dependence of the
Finsler metric can be regarded as an operator on fields, we propose an anisotropic dynamics
for the scalar, vector, fermionic and gravitational fields. This metric operator approach
shares some resemblance with the noncanonical kinetic models [43] and enable us to de-
fine a field theory on the spacetime and not on the tangent bundle [34–37]. For Randers
spacetime this instrinsic dynamics exhibits nonlocal operators, as those found in VSR [5]
and in Bogoslovksy spacetime [26]. The perturbative character of the Randers anisotropy
allow us to expand the nonlocal operators what yields to Lorentz violating terms as found
in the SME [6] and in the Carroll-Field-Jackiw model higher derivative terms as found in
the nonminimal SME [38–40].
This work is organized as the following. In section II we present the definition and
main properties of the Randers-Finsler spacetime, as well as the deformed mass shell. In
the section III we study the group of coordinate observer transformations which preserve
the deformed Randers mass-shell. In section IIIB we analyse the particle transformation by
means of the Finslerian Killing equation. In section IV we study the algebra of the generators
of the Randers transformations, showing that the Finsler metric acts as deformed Poincare´
algebra structure constant. In section V we propose e study the dynamics of fields on the
Randers spacetime. Final comments and relations of the Randers algebra to other Lorentz
violating and deformed algebras models are outlined in section VI.
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II. RANDERS-FINSLER SPACETIME
In this section we review the definition and the main properties of the Randers-Finsler
spacetime. We show how the background vector is included into the geometric structure of
the spacetime and this yields to modification of the particle dynamics and mass shell.
In Randers-Finsler spacetime, the infinitesimal intervals of two nearby events xµ, xµ+x˙µdt
are measured by a modified norm, called the Finsler function, dsR := F (x, x˙)dt, where
1
[17, 27]
dsR :=
√
−gµν(x)x˙µx˙ν + ζaµ(x)x˙µ. (1)
The Randers-Finsler has the Lorentz invariant interval α(x, x˙) :=
√−gµν(x)x˙µx˙ν and a
linear term β(x, x˙) := ζaµ(x)x˙
µ which drives the Lorentz violation. The presence of the
small parameter 0 ≤ ζ < 1 accounts for the perturbative character of the Lorentz violation
2 [17].
The modified interval can be rewritten in terms of a anisotropic or Finsler metric, by
dsR =
√
−gFµν(x, x˙)x˙µx˙νdt [28, 29]. Thus, even for a flat background metric gµν = ηµν , a
varying background vector aµ provides analogue noninertial effects. In the Randers-Finsler
spacetime, the Finsler metric has the form [13]
gFµν(x, x˙) =
F
α
gµν − β
α
UµUν + 2ζU(µaν) + ζ
2aµaν , (2)
where Uµ := gµρU
ρ and Uρ := x˙
ρ
α(x˙)
is the Lorentzian unit 4-velocity.
The Randers-Finsler interval dsR provides a modified action for a massive point particle,
as [27]
SF := −m
ˆ
I
(√−gµν x˙µx˙ν + ζaµ(x)x˙µ) dt. (3)
The parametrization invariance of the action provides two important consequences. First,
the background vector is gauge invariant, a′µ = aµ + ∂µΦ [27]. Second, the particle proper
time is anisotropic, i.e., dτF := F (x, x˙)dt = γ
−1
R (v, a)dt, where γR(v, a) :=
1√
1−v2+ζ(a0+(~a·~v)) .
From the action (3) we can obtain the Randers-Finsler canonical momentum covector as
[17, 33]
PRµ :=
∂LR
∂x˙µ
= Pµ −mζaµ, (4)
1 We adopt the mostly plus convention (−,+,+,+) for the metric signature.
2 Assuming ζ = M
MPl
, where MPl is the Planck scale, the linear term β describes an effective anisotropic
geometry due to reminiscent quantum effects for energies M < MPl.
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where Pµ := mgµνU
ν . The Randers-Finsler canonical momentum covector can be rewritten
as PRµ = mωµ, where the unit covector ω :=
∂F
∂x˙µ
dxµ is the so-called Hilbert 1-form [13].
Since the action, is defined through the Randers-Finsler metric gF (x, x˙)µν , the relation
between the canonical momentum vector PRµ and the canonical momentum covector PRµ is
given by PRµ := g
F
µν(x, x˙)P
Rν . The vector satisfying this anisotropic duality is [32]
PRµ := m
x˙µ
F (x, x˙)
. (5)
The Randers-Finsler momentum vector PRµ can be rewritten as PRµ = mURµ, where the
URµ := dx
µ
dτF
= x˙
µ
F (x,x˙)
is the Finslerian unit 4-velocity 3 [13]. The Randers and the Lorentz
canonical momentum vector are related by the anisotropic factor P Fµ = α(P )
F (x,P )
P µ.
The modified mass shell in the Finsler spacetimes is taken using the Finsler metric, i.e.,
[26, 32, 34–37]
gFµν(x, P
F )P FµP Fν = −m2. (6)
The dependence of the Finsler metric on the momentum yields to nonquadratic dispersion
relations. The modified mass shell can be rewritten as F 2(x, PR) = m2. For the Randers-
Finsler spacetime, the modified mass shell has the form
(gµν + ζ
2aµaν)P
RµPRν − 2ζmaµPRµ = −m2. (7)
III. RANDERS TRANSFORMATIONS
In this section we study the transformations which leaves invariant the modified Randers-
Finsler mass shell (7). Firstly, let us distinguish between two classes of such transformations.
The observers transformations are those which the particle is kept fixed and the coordinate
system is changed [6, 9]. The second class is the particle transformation where the coordinate
system and the background vector are held fixed and an active transformation is acted upon
the particle.
3 In the mathematical literature, this vector is called Distinguished or Liouville section and it is the Fins-
lerian dual of the Hilbert form ω [13].
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A. Observer transformations
In Randers-Finsler spacetime, the presence of the background metric ηµν and the back-
ground covector aµ, which are Lorentz invariant, turns the Randers interval dsR also Lorentz-
invariant by observer transformation, i.e., x′µ = Λµνx
ν . This invariance can be physically
interpreted as being the result of measurement of observers whose instruments (rules and
clocks) are insensitive to the Lorentz violation effects.
Another set of symmetry transformations can be obtained by considering the rigid motion
of the deformed mass shell immersed into a background Lorentz-invariant space. Defin-
ing the symmetric tensor sµν := ηµν + ζ
2aµaν , the mass shell is given by the quadric
sµνP
RµPRν − 2mζaµPRµ = −m2. Since the mass shell represents the Randers-Finsler norm
of the canonical momentum, FR(x, P
R) = m, the general causal surface for a general event
Xµ with norm F (X) = k is given by
sµνX
µXν − 2kζaµXµ = −k2. (8)
In Randers-Finsler spacetime, the tensor sµν deforms the quadric by introducing a priv-
ileged frame that diagonalizes sµν . It turns out that a
µ is an eigenvector of the self-
adjoint operator sµν := δ
µ
ν + ζ
2aµaν , i.e., s
µ
νa
ν = λaa
µ, whose corresponding eigenvalue is
λa = 1 + ζ
2(aµa
µ). If aµ is a Lorentzian timelike vector, then the other eigenvectors are
spacelike vectors orthogonal to aµ and with eigenvalues equals to one. Then, the eigenvec-
tors of sµν form a privileged frame Bp = {a
µ
a
, eˆ1, eˆ2, eˆ3}. If aµ is a spacelike vector, then the
basis of eigenvector Bp = {eˆ0, aµa , eˆ2, eˆ3} form a privileged symmetry frame.
Since 0 ≤ ζ < 1, the sµν has still one negative and three positive eigenvalues. At the
privileged frame, if aµ is timelike the mass shell is shrunk in the direction of aµ and left
unmodified in the spatial directions; if aµ is spacelike, then the mass shell is an elliptic two-
sheet hyperboloid whose constant time sections are ellipsoids and the major axis is stretched
at the direction of aµ.
Suppose that in some observer frame B = {eˆ0, eˆ1, eˆ2, eˆ3}, the timelike background vector
field has components aµ = (a0, a1, a2, a3). Then in the privileged frame Bp, the coordinate
changes as X˜µ = (P−1)µνX
ν , where P µν is the change of basis operator from B to Bp. If we
already start at the privileged frame, this transformation is naturally the identity. The linear
term −2ζaµXµ can be absorbed into a new coordinate change by Xˆµ := Mµν X˜ν + bµ, where
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Mµν := Diag(−
√
λa, 1, 1, 1) and b
µ := −ζ aµ
λ
. The matrixMµν formed with the squared roots
of the eigenvalues of sµν measures the deformation of the mass shell in different directions.
Applying the transformations P−1 and M , the mass shell quadric turns into ηρσXˆρXˆσ +
R2 = 0, where R2 := k2 + ζ
2a2
1+ζ2a2
. Hence, for a timelike or spacelike aµ, the radius of the
elliptic hyperboloid is changed but for a lightlike aµ the radius is unchanged.
After the mass shell be completely quadratic, we can apply a Lorentz transformation.
Therefore, the symmetry transformations of the mass shell in the Randers-Finsler spacetime
has the form
X ′µ = (Λ(RO))
µ
ν (a)X
ν + bµ, (9)
where the Randers-observer transformation is given by
(Λ(RO))
µ
ν (a) = Λ
µ
ρM
ρ
σ (P
−1)σν , (10)
and the vector bµ is given by bµ := −ζ aµ
λ
.
The anisotropic Randers observer transformation in Eq.(9) is similar to one found in
[33]. The Randers observer takes into account the anisotropy by considering the existence
of the privileged frame and the deformation of the mass shell, given respectively by the
transformations (P−1)σν and M
ρ
σ . Since the transformation (P
−1)σν is orthogonal, it can be
regarded as a sort of boost between the initial and the privileged frame.
The Randers observer transformation has determinant det(Λ(RO)(a)) = detM(a) =√
1 + ζ2a2, hence, this transformation is not orthogonal with respect to the background
metric ηµν . This is an expected result, for the Randers transformation preserves the Randers
metric not the Minkowsky metric. Further, since
√
gFµν(x, a) = (1 + ζ
2a2)
5
2 , the Randers-
Finsler invariant volume is modified by the background vector aµ.
Since the background metric ηµν and vector aµ are covariant tensors, they change
under the Randers- observer coordinate transformation (9) as a′µ = (Λ
−1
RO)
ν
µaν and
η′µν = (Λ
−1
RO)
ρ
µ(Λ
−1
RO)
σ
νηρσ The induced transformations provides α
′(X˙ ′) :=
√
η′µνX˙ ′µX˙ ′ν =√
ηρσX˙ρX˙σ = α(X˙) and β
′(X˙ ′) := ζa′µX˙
′µ = β(X˙) and hence, F ′(X˙ ′) = F (X˙). Therefore,
g′Fµν(X˙ ′)X˙
′µX˙ ′ν = gFρσ(X˙)X˙
ρX˙σ, what yields to
g′Fµν(X
′, X˙ ′)(ΛRO)µρ(ΛRO)
ν
σ = g
F
ρσ(X, X˙). (11)
Accordingly, the Randers-observer transformation is orthogonal with respect to the Randers-
Finsler metric.
7
The transformations (ΛRO)
µ
ρ forms the symmetry group of the Randers-Finsler spacetime
under observer coordinate transformations. Consider a 1-parameter group of symmetries
that g′Fµν(X
′, X˙ ′)(ΛRO)µρ(λ)|λ=0 = gFµν(X, X˙)δµρ and that (ωRO)µρ := d(ΛRO)
µ
ρ (λ)
dλ
|λ=0. Then, the
infinitesimal generators of the Randers-observer transformations satisfy the equation
gFµρ(x, x˙)(ωRO)
ρ
ν + g
F
νρ(x, x˙)(ωRO)
ρ
µ + 2Cµνρ(x, x˙)(ωRO)
ρ
σx˙
σ+
+
∂gFµν(x, x˙)
∂xρ
(ωRO)
ρ
σx
σ = 0,
(12)
where Cµνρ(x, x˙) :=
1
2
∂gFµν(x,x˙)
∂x˙ρ
is the so-called Cartan tensor, which measures the directional
dependence of the Finsler metric [13]. Note that even for a constant background vector
aµ, where the last term in Eq.(12) vanishes, the presence of the Cartan tensor still pro-
vides noninertial directional-dependent effects. The Eq.(12) shows how the change from one
coordinate frame to another is deformed by the background vector.
B. Particle transformations
In this subsection we study the symmetry transformations which preserves the particle
action along the particle trajectory for a given coordinate system. In order to do it, we start
studying the symmetries arising from the Finslerian equation of motion. Then, we analyse
the Killing equation for a constant background vector and find Randers transformations
which are extended by local Randers transformations through the vielbein formalism.
Consider an active transformation upon a particle using the same coordinate system. The
particle transformation ΛRP takes the particle from x to x
′, by
x′ρ := (ΛRP )
ρ
σx
σ. (13)
Infinitesimally, we can define the displacement vector ξρdτ := δxρ = (ωRP )
ρ
σx
ρ. We are
interested in infinitesimal particle displacements ξρ which preserves the Randers-Finsler
interval, and hence, the particle action. First, note that from the Finslerian action Eq.(3),
the equation of motion for which the Finslerian norm of UFµ is constant has the form
x¨µ +Gµ(x, x˙) = 0, (14)
where the inertial force, known as the geodesic spray coefficients, is defined by
Gµ = γFµρσ (x, x˙)x˙
ρx˙σ, and the Finslerian Christoffel symbol is given by γFµνρ (x, x˙) :=
8
gFµσ(x,x˙)
2
[
∂νg
F
σρ(x, x˙) + ∂ρg
F
σν(x, x˙) − ∂σgFνρ(x, x˙)
]
. For the Randers-Finsler spacetime, the
inertial force is given by
Gµ = ζηµνFνσU
Fσ −mζ ((∂σaν)x˙ν x˙σ + Fσνaν)Uµ, (15)
where Fµν := ζ(∂µaν − ∂νaµ) is a sort of field strength for the background vector aµ. For a
constant aµ, the inertial force Gµ vanishes and then, the Finsler momentum P Fµ is constant.
This is an expected result since the constancy of aµ means the Randers-Finsler spacetime
is homogeneous and hence, the Finsler momentum should be conserved. In this case, any
translation displacement ξρ is a generator of a symmetry of the action.
Defining a Finslerian connection we can show that the Finslerian momentum is covari-
antly constant along the particle worldline. Since the geometry, and hence the physics, is
dependent on both the the position and velocities (and constrains among them), the best
approach to Finsler geometries is work on the tangent bundle, i.e., TM = {(x, x˙)} 4. Con-
sider the orthogonal basis for TM , δµ :=
∂
∂xµ
− Nνµ ∂∂x˙ν , known as the horizontal derivative
and the vertical derivative ∂¯µ := F (x, x˙)
∂
∂x˙µ
, where Nµν :=
∂Gµ
∂x˙ν
[13, 15]. The horizontal
derivative measures changes when the particle moves from one point to another whereas
the verticle derivative accounts for velocities changes at the same point. The horizontal
covariant derivative of the Finsler metric tensor is defined as [13]
gFµν|ρ := ∇Fρ gFµν = δρgFµν − ΓFσρµ gFσν − ΓFσρν gFσµ (16)
Among the many Finslerian connections which are horizontal compactible with the Finsler
metric, i.e., gFµν|ρ ≡ 0 we choose the Cartan connection ωCµν := ΓFµνσ dxσ + Cµνσδyµ, where
δyµ := (dy
µ+Nµν dx
ν)
F
and [13, 14, 35]
ΓFµνρ (x, x˙) :=
gFµσ(x, x˙)
2
[
δνg
F
σρ(x, x˙) + δρg
F
σν(x, x˙)− δσgFνρ(x, x˙)
]
. (17)
Using the Cartan connection, the Finslerian unit 4-velocity UFµ := dx
µ
dτF
, and hence the
Finsler momentum P Fµ := mUFµ are covariantly constant [13]. Therefore, the local isometry
given by ξρ := UFµ makes the Finslerian 4-momentum P Fρ the generator of the particle time
evolution whose charge is the rest mass m = gFµν(x, x˙)P
Fµξρ.
4 The tangent bundle can be regarded as a configuration space and then, the Finsler geometry as a La-
grangian geometry [15].
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The covariant conservation of the momentum guarantees that the particle energy-
momentum tensor T Fµν :=
´ b
a
P FµUFνδ4(x− x(τF ))dτF is horizontally conserved, T Fµν|ν = 0.
Defining the Rander-Finsler angular momentum tensor JFµν = xµP Fν − xνP Fµ = α(P )
F (P )
Jµν ,
the spin vector SFµ :=
1
2
ǫµνρσJ
FνρUFσ, is horizontally covariantly conserved, i.e.,
dSFµ
dτF
= 0.
Therefore, the particle has two conserved quantities, namely, the Finslerian momentum and
spin vectors.
The general way to find the local symmetries ξρ of the action is through the Lie derivative
of the Finsler metric, given by [14, 29, 32, 35]
LξgFµν(x, x˙) := ξρgFµν|ρ(x, x˙) + gFµρ(x, x˙)ξρ|ν + gFνρ(x, x˙)ξρ|µ + (18)
+ 2Cµνρ(x, x˙)ξ
ρ
|σU
Fσ.
For a horizontal compatible connection, i.e., for gFµν|ρ ≡ 0, a Finslerian Killing vector satisfies
LξgFµν(x, x˙) ≡ 0 and then
gFµρ(x, x˙)ξ
ρ
|ν + g
F
νρ(x, x˙)ξ
ρ
|µ + 2Cµνρ(x, x˙)ξ
ρ
|σU
Fσ = 0. (19)
It is worthwhile to say that using ξρ := ωFρσ x
σ, the Finslerian Killing equation (19) can be
rewritten as Eq.(12). Therefore, the infinitesimal generators of the particle Randers-Finsler
transformations are the same of those of the observer Randers-Finsler transformations.
Since we are interested in active particles transformations, let us consider the displace-
ment vector in the direction of the particle motion, i.e., ξρ = UFρ. The 4-acceleration is
orthogonal to the 4-velocity and then, the Killing equation turns to
ξµ|ν + ξν|µ = 0. (20)
The horizontal derivatives provides a rich anisotropy dependence for the Killing fields ξρ in
Eq.(20).
Let us first consider the case where aµ is constant and then the anisotropic spacetime
is homogeneous. The covariant horizontal derivative turns into ξµ|ν = δνξµ and a constant
4-vector ǫµ satisfies the equation (20). Thus, we can use the Killing vector ǫµ to define a
translation operation by
T (λ) := ei(ǫ
µPFµ )λ, (21)
where the translation generator is defined as
P Fµ := −iδµ. (22)
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The infinitesimal translation is ξρ = ǫµδµx
ρ = ǫρ.
In addition, note that defining ωµν := δνξµ, Eq.(20) can be written as ωµν + ωνµ = 0,
where
ωFµν := g
Fµρ(x˙)ωρν . (23)
The Killing vector related to this symmetry can be defined as
ξρ = ωFρσ (x˙)x
σ. (24)
Defining the proper Rander-Finlser generators
JFµν := gFµρ(x, x˙)gFνσ(x, x˙)JFρσ, (25)
where
JFµν := xµPFν − xνPFµ = −i(xµδν − xνδµ), (26)
the proper Randers-Finsler particle transformation can be defined as
ΛRP (λ) := e
i 1
2
(MFµνωµν)λ. (27)
Then, the infinitesimal proper Randers-Finsler particle transformation takes the form
ξρ = −(ωFµνxµδν)xρ (28)
=
α
F
{
ωρν − ζ
α
F
[
Uρaν + U
µaρωµν
]
+
(α
F
)2
[ζ(a · U) + ζ2a2]UρUµωµν
}
xν ,
which is a combination of the the Lorentz infinitesimal transformation ωρν and its action on
the Lorentzian 4-velocity Uρ. It is worthwhile to say that, since we are employing a particle
transformation, the background vector aρ is left unchanged under this action. Expanding
the infinitesimal proper Randers-Finsler particle transformation in powers of ζ , we obtain
δxρ = ξρ =
{
ωρσ − ζ
[
(a · U)ωρσ + Uρaσ + aρUµωµσ − (a · U)UρωµσUµ
]
+O(ζ2)
}
xσ.
Likewise the linear momentum operator (4), the Randers-Finsler generators are related
to the Lorentz generators by
JFµν = Jµν + ζCµν(x, a,m), (29)
where Cµν(x, a) := −m(xµaν−xνaµ). The anisotropic Randers-Lorentz parameters ωFµν :=
gFµρgFνσωρσ can be rewritten as ω
Fµν = ωµν + ζω˜µν(ζ, a, U), where ω˜µν contains all the
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anisotropic terms. Thus,
ωFµνJFµν = ω
µνJµν + ζ(ω
µνCµν + ω˜
µνJµν) + ζ
2ω˜µνCµν , (30)
and hence, the particle Randers-Finsler transformation can be written as
ΛRP (λ) = Λ ◦ Σ ◦Θ, (31)
where Λ = e
i
2
ωµνJFµν , Σ := e
i
2
ζ(ωµνCµν+ω˜µνJFµν) and Θ := e
i
2
(ζ2 ˜ωµνCµν). The operators Σ and
Θ are responsible for the mass shell deformation.
For a varying background vector, the Randers-Finsler metric also depends on the position.
By applying the vielbein formalism, we can rewrite the Randers metric (2) as [13]
gFµν = Λ
Fb
µ (x, x˙)Λ
Fc
ν (x, x˙)ηbc, (32)
where the vielbeins are given by
ΛFbµ (x, x˙) =
√
F
α
{
Λaµ +
(α
F
)2 [
− β
2α
UµUµ + U
µab + a
µUb + a
µab
]}
Note the presence of the anisotropic factor
√
F
α
, a feature also exhibited by the Bogoslovsky
spacetime [26]. The vielbein ΛFbµ (x, x˙) can be understood as a local Randers transforma-
tion. Therefore, both the infinitesimal ξρ and local Randers transormation ΛFbµ (x, x˙) can be
regarded as deformed Lorentz transformations.
IV. RANDERS ALGEBRA
The Finsler algebra is strongly modified by the anisotropy of the action. In fact, the
momentum algebra is given by
[P Fµ , P
F
ν ] = −[δµ, δν ] = 2δ[µNρν]
∂
∂x˙ρ
= RFσρµν(x, P
F )P Fρ
∂
∂P Fσ
. (33)
The nonvanishing commutator in Eq.(33) can be understood as a result of the anisotropy
yields to non-inertial effects measures with the Finslerian horizontal curvature RFσρµν(x, x˙).
A special case is given by the horizontal flat Finslerian spacetimes, where RFσρµν(x, x˙) = 0. In
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Randers-Finsler spacetimes, the linear momentum algebra is modified at the leading order
by
[P Fµ , P
F
ν ] = η
ρσ
{
δµ
(α
F
Fσν
)
− δν
(α
F
Fσµ
)} ∂
∂P Fρ
. (34)
Therefore, as long as the vector field aµ satisfies the Randers-Finsler flat condition
2δ[µ
(α
F
Fν]σ
)
= 0, (35)
the linear momentum generator satisfies [P Fµ , P
F
ν ] = 0 at leading-order. The constant aµ
configuration clearly satisfies Eq.(35).
The angular momentum generators are more sensible to the anisotropic structure. In
fact, for a constant aµ, then the angular momentum generators satisfy
[JFµν , J
F
λρ] = −gFµλ(P F )JFνρ − gFνρ(P F )JFµλ
+ gFµρ(P
F )JFνλ + g
F
νλ(P
F )JFµρ. (36)
We can rewrite Eq.(36) as [JFµν , J
F
λρ] =
α
F
(−ηµλJFνρ−ηνρJFµλ+ηµρJFνλ+ηνλJFµρ)−DFµλ(P F )JFνρ−
DFνρ(P
F )JFµλD
F
µρ(P
F )JFνλ+D
F
νλ(P
F )JFµρ, where D
F
µν := g
F
µν− αF ηµν . Assuming the background
vector is still constant, the commutator between P Fµ and J
F
νλ takes the form
[P Fµ , J
F
νλ] = g
F
µν(P
F )P Fλ − gFµλ(P F )P Fν . (37)
It is worthwhile to say that the commutation relations in equations (33),(36) and (37)
have an analogous form of that of the Lorentz invariant transformations, changing only
JFµν → JFµν and ηµν → gFµν(P F ).
The Finsler metric deforms the algebra between momentum, Randers transformations
and position. Indeed, for a constant aµ,
[P Fµ , xν ] = −i
(
gFµν(x, P
F ) + δµ(g
F
νρ(x, P
F )xρ
)
, (38)
[JFµν , xλ] = −i
{
xµg
F
νλ(x, P
F )− xνgFµλ(x, P F )
}
(39)
Since for ζ = 0, gFµν(x, P
F ) = ηµν , the Randers algebra resembles the deformed Heisenberg-
Weyl algebra of the κ-Minkowski spacetime [12].
From the Randers-Finsler generators, we can define the Randers-Finsler boost generators
KFi := J
F
0i = Ki + ζm(xia0 − x0ai), (40)
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and the Randers-Finsler angular momentum generator
JFi := −
1
2
ǫjki J
F
jk = Ji − ζmǫjki ajxk. (41)
Remarkably, the background vector aµ produces not only an expected background boost
generator but a angular momentum generator as well.
At the particle rest frame where gF00(x˙) = 1, the boosts and angular momentum generators
satisfy
[KFi , K
F
j ] = ǫ
k
ijJ
F
k + 2g
F
0[iK
F
j] (42)
[KFi , J
F
j ] = ǫ
k
ijK
F
k + 2g
F
0[iJ
F
j] (43)
[JFi , J
F
j ] = ǫ
k
ijJ
F
k (44)
For a timelike background vector aµ, where we can set gF0i(x˙) = 0, the Randers algebra takes
a form of a extension of the Lorentz algebra by Kµ → KFµ and Jµν → JFµν . For a spacelike
and lighlike aµ, the presence of the terms gF0i provides mixtures between boosts and Randers
generators.
Besides the boosts and angular momentum operators, we can define a Casimir-Finsler
operator as
P F2 := gFµν(P F )P Fµ P
F
ν . (45)
The Casimir operator in Eq.(45) is an scalar operator generically nonquadratic. For a
constant aµ, [P F2, P Fµ ] = [P
F2, JFµν ] = 0, and hence, the Finsler Casimir operator is preserved
under translations and Randers-Finsler transformations. For the Randers-Finsler spacetime,
the Casimir operator takes the form
P F2 = ηµνP Fµ P
F
ν − 2ζaρP Fρ
√
−ηµνP Fµ P Fν − ζ2aµaνP Fµ P Fν . (46)
In addition, we can define a Pauli-Lubanski-Finsler vector operator by
W Fµ :=
1
2
ǫµνλρP Fν J
F
λρ
= W µ +
ζ
2
ǫµνλρ[PνCλρ −maνJFλρ]−
ζ2m
2
ǫµνλρaνCλρ. (47)
The Pauli-Lubanski-Finsler operator satisfies the orthogonality condition P Fµ W
Fµ = 0 and
the commutation relations [W Fµ , P
F
ν ] = 0, [W
F
µ , J
F
νλ] = g
F
µν(P
F )W Fλ − gFµλ(P F )W Fν .
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V. A RANDERS FIELD THEORY
Once analysed the symmetries of the Randers-Finsler spacetimes, let us define a dynamics
for Randers symmetric fields. Consider a Randers invariant action
S =
ˆ
M
d4xL. (48)
Likewise the particle action, we are interested in actions build from Randers scalars, i.e.,
invariant over Randers transformations. The relation P Fµ = −iδµ suggests an approach
where the direction-dependence of the geometry becomes a momentum-dependence of the
metric. Assuming the fields have only position dependence, the momentum operator has its
origin on position variations, i.e., P Fµ = −i∇Fµ . Thus, the Finsler metric can be regarded
as a differential operator, where gFµν(x, y) → gFµν(x,∇F ) and yµ → ∇Fµ. The relation
P Fµ = α
F
P µ and the homogeneity of the Finsler metric, allow us to write the Finsler metric
as the operator gFµν(x,∇). This approach of considering the Finsler metric as an operator
is similar to the noncanonical kinetic terms [43]. Unlike the field theories defines on the
tangent bunblde TM4 [35], the Finsler metric operator procedure enable us to propose a
field theory defined on the spacetime M4 itself.
A. Scalar field
A scalar field Φ(x) is naturally invariant over the Randers transformations, i.e., Φ(ΛRx) =
Φ(x). We propose a Randers invariant action for the scalar field is given by
SΦ := −1
2
ˆ
M
d4x{∇µΦKµν(x,∇)∇νΦ +m2
√
−gF (x,∇)Φ2]}. (49)
where
Kµν :=
√
−gF (x,∇)gFµν(x,∇). (50)
For ζ = 0, i.e., for a Local Lorentz symmetric spacetime, the action (49) yields to a minimal
coupling of the scalar field in a curved spacetime.
In the Randers spacetime, by means of the identification yµ → ∇µ, the contravariant
metric has the form [13]
gFµν(x,∇) = 1
1 + ζ2a · ∇g
µν − ζ2 1
(1 + ζ2a · ∇)2 (a
µ∇ν + aν∇µ) (51)
+ ζ4
1
(1 + ζ2a · ∇)3
[
a · ∇ + a2
]
∇µ∇ν ,
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where a·∇ := aµ∇µ. Then, defining a dimensionless background field bµ := ζaµ, the Randers
action for the scalar field can be rewritten as
SΦ = −1
2
ˆ
M
d4x
√−g
{
gµν∇µΦ[(1 + ζb · ∇) 32 ]∇νΦ + (1 + ζ2a · ∇) 52m2Φ2+
ζ∇µΦ
[
(1 + ζb · ∇) 32 (gµρbν + gνρbµ)
]
∇ρ∇νΦ+
ζ2gµρgνσ∇µΦ
[ (ζβ + b2)
(1 + ζb · ∇) 12
]
∇ν∇ρ∇σΦ
}
.
The action exhibits nonlocal dynamical terms which for the Minkwoski background space-
time, (gµν = ηµν), are similar to those of VSR [5].
The perturbative character of the Randers spacetime allow us to rewrite the Randers
Lagrangian as
LFφ = LLI + ζL1LV + ζ2L2LV + · · · , (52)
where LLI := −
√−g
2
(gµν∇µΦ∂νΦ + m2Φ) is the usual Lorentz-invariant Klein-Gordon La-
grangian. The first-order Lorentz-violating Lagrangian is given by
L1LV = ∇µΦ(K5)µν∇νΦ−
5m2
√−g
4
bρ∇ρ(Φ2), (53)
where the mass dimension five Lorentz violating operator (K5)µν has the form
(K5)µν := −
√−g
4
{
3gµνbρ − 2(gµρbν + gνρbµ)
}
∇ρ. (54)
The second-order terms forms the Lorentz-violating Lagrangian
L2LV = ∇µΦ(K6)µν∇νΦ−
15m2
√−g
8
bρbσ∇ρ∇σ(Φ2),
where the mass dimension six operator (K6)µν is defined as
(K6)µν := −
√−g
4
{3
8
gµνbρbσ − b
2
2
gµρgνσ
}
∇ρ∇σ. (55)
It is worthwhile to say that the last term in the first-order perturbed Lagrangian Eq.(53),
for a covariantly constant background vector bµ, provides a total derivative term which can
be dropped from the action. The operators (K5)µν and (K6)µν in a flat background metric
have the same form of the nonminimal Standard Model Extension for dimension 5 and 6
Lorentz violating operators.
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B. Vector Gauge field
Now let us analyse the dynamics of a vector field invariant over the Randers transfor-
mations A′µ = ΛµRν(x)A
ν . We propose a Finslerian extension of the field strength using the
horizontal covariant derivatives instead of the Levi-Civita covariant derivative, i.e.,
FRµν := ∇FµAν −∇Fν Aµ = Aν|µ − Aµ|ν , (56)
where ∇FµAν := δµAµ − ΓFρµνAρ and F ′µν = ΛtρRµΛtσRνFρσ.
Using the Cartan connection, the Finslerian field strength can be rewritten as FRµν =
δ[µAν]. Under a gauge transformation A
′
µ = Aµ + δµf , the field strength changes as F
′R
µν =
FRµν + [δµ, δν ]f . Since in our approach, A = A(x), then δµ = ∂µ and F
R
µν = Fµν . Therefore,
the electric and magnetic components of the field strength and the gauge symmetry are
preserved in Randers spacetime.
A gauge Finslerian extension of the Maxwell action has the form
SFA := −
1
4
ˆ
d4x
{
FµνK
Fµνρσ(x,∇)Fρσ
}
, (57)
where
KFµνρσ :=
√
−gF (x,∇)gFµρ(x,∇)gFνσ(x,∇). (58)
Note that for ζ = 0, the tensor KFµνρσ turns into
√−g(x)gµρ(x)gνσ(x) we obtain the usual
Maxwell term LA = −
√
−g(x)
4
gµρ(x)gνσ(x)FµνFρσ.
In Randers spacetime, the Finsler gauge action (57) yields to the Finsler gauge Lagrangian
LFA = −
√−g
4
Fµν
{
(1 + ζb · ∇) 12 gµρgνσ − 2ζ2
[ gµρgνλgσξ
(1 + ζb · ∇) 12 (∇λbξ +∇λbξ)
]
(59)
+ 2ζ2
[gµρgνλgσξ(ζβ + b2)
(1 + ζb · ∇) 32 ∇λ∇ξ
]}
Fρσ.
The Finsler gauge action in Eq.(59) exhibits nonlocal operators. Let us analyse the gauge
Lagrangian in Eq.(59) term by term. The first term
L1A = −
√−g
4
Fµν(1 + ζb · ∇) 12gµρgνσFρσ, (60)
can be expanded in powers of ζ as
L1A = −
√−g
4
gµρgνσFµνFρσ + ζFµν(kˆ
(5)
F )
µνρσFρσ + ζ
2Fµν(kˆ
(6)
F )
µνρσFρσ + · · · , (61)
17
where the zero order term consists of the usual Maxwell Lagrangian and the first-order
and second-order Lorentz-violating Lagrangian LALV term are respectively, (kˆ(5)F )µνρσ :=
−
√−g
8
gµρgνσbλ∇λ and (kˆ(6)F )µνρσ := −
√−g
8
gµρgνσbλbξ∇λ∇ξ. For a flat background metric,
gµν = ηµν , these terms can be regarded as the dimension five and six Lorentz violating
operators belonging to the nonminimal SME [38].
The second term
L2A :=
√−g
2
ζ2Fµν
[
gµρgνλgσξ
(1 + ζb · ∇) 12 (∇λbξ +∇λbξ)
]
Fρσ, (62)
can be expanded as
L2A = ζ2[Fµν(kˆ5F )µνρσFρσ + Fµν k˜µνρσFρσ] + · · · , (63)
where (kˆ5F )
µνρσ :=
√−g
2
gµρ(gνλbσ+gσλbν)∇λ and k˜µνρσ :=
√−g
2
gµρ[(∇νbσ+∇σbρ)]. It is worth
to note that k˜µνρσ = 0 for a covariantly constant background vector, i.e., for a Randers
spacetime of Berwald type. For a background flat spacetime and constant background
vector, the mass dimension five operator (kˆ5F )
µνρσ belongs to the nonminimal SME [38].
The third term
L2A :=
√−g
2
ζ2Fµν
[
gµρgνλgσξ(ζβ + b2)
(1 + ζb · ∇) 32 ∇λ∇ξ
]
Fρσ, (64)
can be rewritten as
L3A := ζ2Fµν(kˆ(6)F )µνρσFρσ, (65)
where (kˆ
(6)
F )
µνρσ := −
√−g
2
b2gµρgνλgσξ∇λ∇ξ, for a flat background metric and vector, is a
dimension six Lorentz coefficient of the nonminimal SME [38].
Another gauge and Finsler invariant Lagrangian is given by
S˜F :=
ˆ
d4x[
√
−gF (x,∇)ǫµνρσFµνFρσ], (66)
that in Randers spacetime yields to L˜F = (1+ ζ2a ·∇) 32 ǫµνρσFµνFρσ. Expanding this Finsler
gauge Lagrangian, we obtain
L˜F = L˜LI +
[
ζ(kˆ
(5)
F )
µνρσ + ζ2(kˆ
(6)
F )
µνρσ + · · ·
]
FµνFρσ, (67)
where L˜LI = ǫµνρσFµνFρσ , (kˆ(5)F )µνρσ := 32ǫµνρσbλ∇λ and (kˆ
(6)
F )
µνρσ := −3
4
ǫµνρσbλbǫ∇λ∇ǫ.
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The Randers symmetry also allows the following gauge invariant action coupling the Field
strength and the gauge field
SˆF := ζ
ˆ
d4x[ǫµνρσAµKˆνFρσ], (68)
where Kˆν :=
√−gF (x,∇)aν . Expanding the action in Eq.(68), we obtain the Lorentz
violating Lagrangian
LˆF = ζǫµνρσAµaνFρσ + ζ2ǫµνρσaλAµ∇λaνFρσ + ζ2ǫµνρσaλAµaν∇λFρσ + · · · , (69)
where the first-order term is the Carrol-Field-Jackiw Lagrangian [41], the second term van-
ishes for a constant background vector in flat spacetime and the last term provides a dimen-
sion four operator.
Therefore, the Randers actions Eq.(57) and Eq.(66) for the vector gauge field can be
regarded as a series of Lorentz violating terms of the nonminimal Standard Model Extension
[38].
C. Fermionic field
In order to describe fermions, we can adopt the vielbein formalism. The Randers invariant
gamma matrices are defined as
γFµ(x, P ) := EFµb (x, P )γ
b, (70)
where the vielbeins EFµb (x, P ) satisfy g
Fµν(x, P ) = EFµb (x, P )E
Fν
c (x, P )η
bc. Thus EFµb are
the inverse of the vielbeins EFbµ in Eq.(33). In Randers spacetime the vielbein are given by
EFµb (x, P ) =
√
α
F
{
Eµb (x) +
ζ2
2
α
F
[α
F
(
β
α
+ ζ2a2
)
P µPb − (P µab + aµPb)
]}
. (71)
Therefore, the Finslerian gamma matrices in Randers spacetime have the form
γFµ(x, P ) =
√
α
F
{
γµ(x) + +
ζ2
2
α
F
[α
F
(
β
α
+ ζ2a2
)
P µ /P − (P µ/a + aµ /P )
]}
, (72)
where γµ(x) := Eµb (x)γ
b, /P := γbPb and /a := γ
bab.
Let us define the Finsler action for the fermionic field at the background flat space-
time (gµν = ηµν). As done for the Finsler metric, the Finsler gamma matrices are seen as
operators, defined as
γˆFµ(D) :=
√
−gF (D)γFµ(D). (73)
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A Finsler-invariant Dirac action has the form
SFΨ :=
ˆ
M4
d4x
[
Ψ¯[iγˆFµ(D)Dµ −m]Ψ +H.C.
]
, (74)
where the Finsler covariant derivative Dµ is defined as
DFµ := ∂µ +
i
2
ΓFbcµ Σbc, (75)
and the local-flat generators Σbc are defined as Σbc :=
i
4
[γb, γc]. For a constant background
metric ηµν , the Finslerian connection coefficients depends only on the derivatives of the
background vector bµ = ζaµ. Therefore, assuming a constant background vector, we adopt
Dµ = ∂µ. In Randers spacetime the Finsler Lagrangian for the fermion takes the form
LFΨ = Ψ¯(1 + ζb · ∂)
5
2
{
i
(1 + ζb · ∂) 12
[
γµ∂µ − ζ
2
(γµbν∂µ∂ν + γ
µηνρbµ∂ν∂ρ)
(1 + ζb · ∂) + (76)
+
ζ2
2
(ζb · ∂ + b2)
(1 + ζb · ∂)2 γ
µηνρ∂µ∂ν∂ρ
]
−m
}
Ψ+H.C..
It is worthwhile to note the presence of nonlocal operators as in VSR [5] and in Bogoslovksky
spacetime.
Expanding the nonlocal operators we can rewrite Finsler-Dirac Lagrangian (76) as
LFΨ = Ψ¯(iγµ∂µ −m+ Qˆ)Ψ, (77)
where Qˆ is a Lorentz violating operator. Qˆ can be written as
Qˆ = ζ
[
Q(4) + aˆ(5)µγµ
]
+ ζ2
[
eˆ(6) + cˆ(6)µ
]
+ ζ3aˆ(7)µ + · · · , (78)
where Q(4) is a mass dimension four term Q(4) := −5
2
mbµ∂µ, aˆ
(5)µ and aˆ(7)µ are CPT-Odd
vector operators of mass dimension five and seven, respectively given by
aˆ(5)µ := (bν∂µ∂ν − ηνρbµ∂ν∂ρ) (79)
aˆ(7)µ : = ζ3
[5
4
bνbρbσ∂µ∂ν∂ρ∂σ − bµηνρbσbλ∂ν∂ρ∂σ∂λ
]
, (80)
cˆ(6)µ is CPT-even mass dimension six vector given by
cˆ(6)µ :=
[1
2
∂µbνbρ∂ν∂ρ − 1
2
bµηνρbσ∂ν∂ρ∂σ + b
2∂µηνρ∂ν∂ρ
]
, (81)
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and eˆ(6) is scalar CPT-Odd of mass dimension six defined as
eˆ(6) := −15m
4
bµbνbρ∂µ∂ν∂ρ. (82)
Therefore, the Finsler-Dirac action in Eq.(74) yields to Lorentz violating terms similar to
those of the nonminimal SME [39]. The structure of the Finsler-Dirac Lagrangian (76)
suggests the only nonminimal SME terms arising in the Randers spacetime are the scalars
and vectors.
D. Gravitational field
For the gravitational field, we adopt not only the Finsler metric gFµν(x,∇) and√−gF (x,∇) as differential operators but the horizontal Finsler Riemann tensor RFµνρσ(x,∇)
as well. We propose a Finslerian extension of the Einstein-Hilbert action by
SFg :=
1
16πG
ˆ
d4x
{√
−gF (x,∇)gFµρ(x,∇)gFνσ(x,∇)RFµνρσ(x,∇)
}
. (83)
The horizontal Riemann tensor is defined as RFµνρσ := g
F
µλR
Fλ
νρσ where
RFλνρσ(x, P ) := δρΓ
Fλ
µν − δµΓFλρν + ΓFλσρ ΓFσµν − ΓFλσν ΓFσµρ , (84)
and δµ := ∂µ − NρµF (x, P ) ∂∂P ρ is the horizontal derivative [13]. Considering the horizontal
metric compatible Cartan connection in Eq.(17), the leading order connection coefficients can
be written as ΓFρµν (x, P ) = Γ
ρ
µν(x) + ζ
2γˆρµν(x, P ), where Γ
ρ
µν(x) is the connection compatible
with the background metric gµν(x) and
γˆρµν(x, P ) =
(α
F
) [ (α
F
)
(ζb · ∇ + b2)P ρP λ − (P ρbλ + P λbρ)
]
Γλµν . (85)
By means of the relation P µ → ∇µ, the connection turn into the differential operator
ΓFρµνρ(x, P )→ ΓFρµνρ(x,∇), and hence
RFµνρσ(x,∇) = Rµνρσ(x) + ζ2Rˆµνρσ(x,∇), (86)
where Rˆλνρσ(x,∇) := ∂ργˆλµν(x,∇) − ∂µγˆλρν(x,∇) + γˆλσρ(x,∇)γFσµν (x,∇) − γˆρσν(x,∇)γσµρ(x,∇).
Substituting these operators into the Finslerian Einstein-Hilbert action, we obtain the lead-
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ing order terms
SFg [g] ≈
1
16πG
ˆ
d4x
√−g
{
(1 + ζb · ∇) 12R(x)− 2ζ
2
(1 + ζb · ∇) 12 ∇
νbσRνσ(x) (87)
+
2ζ2(ζβ + b2)
(1 + ζb · ∇) 32 ∇
ν∇σRνσ(x) + ζ
4(∇µbρ +∇ρbµ)
(1 + ζb · ∇) 32 (∇
νbσ +∇σbρ)Rµνρσ
− ζ
4(ζβ + b2)
(1 + ζb · ∇) 32 (∇
µbρ +∇ρbµ)∇ν∇σRµνρσ + ζ2
[
(1 + ζb · ∇) 12 Rˆ(x)
− 2ζ
2
(1 + ζb · ∇) 12 ∇
νbσRˆνσ(x) +
2ζ2(ζβ + b2)
(1 + ζb · ∇) 32 ∇
ν∇σRˆνσ(x)
+
ζ4
(1 + ζb · ∇) 32 (∇
µbρ +∇ρbµ)(∇νbσ +∇σbρ)Rˆµνρσ
− ζ
4(ζβ + b2)
(1 + ζb · ∇) 32 (∇
µbρ +∇ρbµ)∇ν∇σRˆµνρσ
]}
,
where R(x) := gνσ(x)Rρνρσ and Rµν(x) := R
ρ
νρσ are the background Ricci scalar and tensor re-
spectively. Therefore, the coupling performed in the action (83) yields to a higher-derivative
theory of the background metric gµν(x), as in high derivative theories of gravity [44], coupled
with the background vector bµ = ζaµ.
Considering the higher derivative term on the Ricci scalar and tensor we obtain
LFg [g] ≈
√−g
{
(1 + ζb · ∇) 12R(x)− 2ζ
2
(1 + ζb · ∇) 12
∇νbσRνσ(x) (88)
+
2ζ2(ζβ + b2)
(1 + ζb · ∇) 32 ∇
ν∇σRνσ(x) + ζ
4(∇µbρ +∇ρbµ)
(1 + ζb · ∇) 32 (∇
νbσ +∇σbρ)Rµνρσ
− ζ
4(ζβ + b2)
(1 + ζb · ∇) 32 (∇
µbρ +∇ρbµ)∇ν∇σRµνρσ
}
.
Expanding the nonlocal operators, we can rewrite the Finslerian gravity Lagrangian as
LFg = LEH + LLV , (89)
where LEH := 116πG
√−gR(x) is the usual Einstein-Hilbert action and the Lorentz violating
Lagrangian LLV are
LLV = ζL1LV + ζ2L2LV + ζ3L3LV + · · · . (90)
At first-order in ζ , we obtain the Local Lorentz violating term
L1LV = (k(5))µνρσλ∇λRµνρσ, (91)
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where the dimension five operator is defined as
(k(5))µνρσλ :=
1
32πG
√−ggµρgνσbλ. (92)
At second-order in ζ we have the mass dimension four and six operators
L2LV = (k(4)µνρσ)Rµνρσ + (k(6)µνρσλξ)∇λ∇ξRµνρσ, (93)
where
(k(4)µνρσ) := −
1
8πG
√−ggµρ∇νbσ, (94)
(k
(6)
µνρσλξ) := −
1
64πG
√−ggµρgνσbλbξ∇λ∇ξ. (95)
It is worthwhile to say that the mass dimension four LV operator (k
(4)
µνρσ) vanishes for a
covariantly constant background vector. The dimension four local Lorentz violating operator
appears in the gravitational sector of the SME [9], whereas the dimension five, six and seven
operators arise in the nonminimal SME gravity sector [40].
From the Finslerian Lagrangian Eq.(88) we obtain the modified Einstein equations up to
second-order in ζ
Rµν − R
2
gµν + Λ
F (x, b)gµν ≈ 0, (96)
where the anisotropic term has the form
ΛF (x, b) := ζ
1
8
bρ∇ρR + ζ2
[1
8
bµbν∇µ∇νR +∇µbνRµν
]
(97)
Therefore, the interaction between the background metric gµν with the background vector
bµ yields to a anisotropic pressure term Λ
F (x, b).
VI. FINAL REMARKS AND PERSPECTIVES
In this work we studied the symmetries of a local Lorentz violating Randers-Finsler
spacetime. The anisotropic Randers-Finsler metric provides us a way to include the Lorentz
violation into the geometric structure of the spacetime and to define a Lorentz violating field
theory.
We analysed the symmetries of the modified mass shell and obtained the observer trans-
formations which preserve this deformed quadric. For a timelike or spacelike background
vector, the deformed mass shell is a double elliptic hyperboloid whose major semi axis points
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into the direction of the background field. By diagonalizing the mass shell quadric, we ob-
tain the observer Randers-Finsler tranformation. This transformation is the product of
boost from the initial frame to the privileged frame, defined by the eigenvector of the mass
shell, with the matrix formed with the eigenvalues and a Lorentz transformation. These
anisotropic Randers transformations resembles those found in Ref.[33]. For a lightlike back-
ground vector, the mass shell is not deformed, what shares a resemblance with the Very
Special Relativity background vector [5]. As a perspective, we point out the mass shell
analysis for more complex Finsler spacetimes, such as the b-space [17, 18] and the bipartite
spaces [19, 20], which exhibit quartic mass shell.
For the active particle transformations, we employed the analysis of the Killing vectors
along the particles worldline. The horizontal conservation of the linear momentum and spin
yields to the existence of these infinitesimal symmetries. For a constant background vector,
we defined a translation and proper particle Randers-Finsler transformation which preserves
the Randers-Finsler metric. We showed that the generators of the Randers-Finsler observer
transformations are the same as those of the Randers-Finsler particle transformation. The
background vector deforms the particle rest frame providing an analogous shear and twist.
The Lorentz generators are modified by a term depending on the background vector and the
particle mass, but not on the momentum. Remarkably, for a timelike background vector,
only the boosts generators are modified. We argue that the more involved structure of the
bipartite and b-space may produce momentum-dependent modified generators, as performed
in Ref.[32].
The algebra defined by the generators is also modified. The structure coefficients for
the momentum algebra are modified by the horizontal Finsler curvature. For a horizontal
flat Finsler spacetime, the translation operators commutes. Nevertheless, in order to the
Randers-Finsler generators satisfy a Finslerian extension of the Lorentz algebra, the Finsler
metric ought to be constant. The commutation relations obtained extend the one found in
Ref.[33] and Ref.[32] by using the Finsler metric as the structure coefficients, what provides
the anisotropic factor α
F
and the additional anisotropic terms. The Randers algebra bears
a resemblance with the deformed Heisenberg-Weyl algebra in the κ-Minkwoski spacetime
[12]. This result shows the relation between deformed algebras and Finsler spacetimes, as
the Bogoslovsky algebra be the deformed SIM(2) algebra [25]. A interesting perspective
is the analysis of the Randers algebra for a nonconstant background vector satisfying the
24
horizontal flat condition. In this case, the Finsler metric derivatives term may provide more
momentum-dependent modifications on the Lorentz algebra.
For a constant background vector, we obtained Finslerian extensions of the Casimir and
Pauli-Lubanski operators. Although the momentum and Pauli-Lubanski operators are linear
operators defined using the derivative operator and the background vector field, the Casimir
and the squared Pauli-Lubanski operators exhibit a noncannonical squared root term. This
nonlocal feature is the result of using the Finsler metric to square the operators. Instead, if
the square is evaluated with the background metric, as in the SME-based Finsler structures
[16, 22], the nonlinear character can be avoided.
We defined a Finsler field theory based on the Randers symmetries. Interpreting the
Finsler metric as a differential operator acting on the fields, we showed that a minimal
coupling of the scalar and vector fields with the Randers-Finsler metric, and the coupling of
the fermion with the Randers-Finsler vielbein yields to nonlocal operators, as expected from
the structure of the casimir operators. The presence of noncanonical or nonlocal terms in
this coupling is similar to those found in VSR [5], Elko spinor [42] and in the Bogoslovsky
spacetime [26]. The perturbative character of the Lorentz violating allow us to expand these
nonlocal operators and find some minimal and nonminiamal SME terms. For the gauge
vector field, the Randers background vector also produces the Carroll-Field-Jackiw term.
For the gravitational field, the coupling of the Randers-Finsler metric with the Riemann
curvature tensor also produces minimal and nonminiamal SME Lorentz violating terms.
As perspectives we point out the analysis of bounds for the coupling proposed based on
tests for the gauge [38], fermionic [39] and gravitational fields [40]. The stability analysis
of the fields, as done in Refs. [45], is also an important future development. Moreover, the
minimal coupling of the fields with the Finsler metric or vielbein in the Bipartite spacetime
may provides additional nonminimal SME terms.
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